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Using the relationship between the two-particle overlap functions (TOF’s) and the two-
body density matrix (TDM), the TOF’s for 16O(e, e′pp)14C reaction are calculated on the
basis of TDM obtained with a Jastrow-type approach. The main contributions of the removal
of 1S and 3P pp-pairs from 16O are taken into account in the calculations of the cross sections
of the 16O(e, e′pp)14C reaction using the Jastrow TOF’s. The contributions of the one-body
and two-body delta currents are considered. The results are compared with the calculations
using TOF’s from other approaches.
1. INTRODUCTION
As known, two nucleons can be ejected from the nucleus by two-body currents due to meson
exchanges and delta-isobar excitation. But also, the real or virtual photon can hit, through a one-
body current either nucleon of a correlated pair and both nucleons are then ejected simultaneously
from the nucleus. The role and relevance of these two competing processes can be different in
different reactions and kinematics. It is thus possible to envisage situations where either process is
dominant and various specific effects can be disentangled and separately investigated. This gives
ground for studies of short-range correlations (SRC) [1, 2, 3, 4] in a nucleus by means of the
two-nucleon knockout processes.
Various theoretical models for cross section calculations have been developed in recent years in
order to explore the effects of ground-state NN correlations on (e, e′NN) [5, 6, 7, 8, 9, 10] and
(γ,NN) [11, 12, 13, 14, 15, 16, 17] knockout reactions. It appears from these studies that the most
promising tool for investigating SRC in nuclei is represented by the (e, e′pp) reaction, where the
effect of the two-body currents is less dominant as compared to the (e, e′pn) and (γ,NN) processes.
Measurements of the exclusive 16O(e, e′pp)14C reaction performed at NIKHEF in Amsterdam [18,
19, 20] and MAMI in Mainz [21, 22] have confirmed, in comparison with the theoretical results, the
validity of the direct knockout mechanism for transitions to low-lying states of the residual nucleus
and have given clear evidence of SRC for the transition to the ground state of 14C.
One of the main ingredients in the transition matrix elements of exclusive two-nucleon knockout
reactions is the two-nucleon overlap function (TOF). The TOF contains information on nuclear
structure and correlations and allows one to write the cross section in terms of the two-hole spectral
function [2]. The TOF’s and their properties are widely reviewed, e.g., in [23].
In [8] the TOF’s for the 16O(e, e′pp)14C reaction are given by the product of a coupled and fully
antisymmetrized pair function of the shell model and a Jastrow-type correlation function which
incorporates SRC. A more sophisticated treatment is used in [9], where the TOF’s are obtained
from an explicit calculation of the two-proton spectral function of 16O [24], which includes, with
some approximations but consistently, both SRC and long-range correlations (LRC).
A different method to calculate the TOF’s has been suggested in [25] using the established
general relationships connecting TOF’s with the ground state two-body density matrix (TDM). The
∗ The extended paper was published in Phys. Rev. C 68, 014617 (2003)
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procedure is based on the asymptotic properties of the TOF’s in coordinate space, when the distance
between two of the particles and the center of mass of the remaining core becomes very large. This
procedure can be considered as an extension of the method suggested in [26], where the relationship
between the one-body density matrix and the one-nucleon overlap function is established. The latter
has been applied [27, 28, 29, 30, 31, 32, 33, 34, 35] to calculate the one-nucleon overlap functions,
spectroscopic factors and to make consistent calculations of the cross sections of different one-
nucleon removal reactions, such as (p, d), (e, e′p), and (γ, p) [27, 30, 31, 32, 33, 34, 35] on 16O
[31, 32, 34] and 40Ca [33, 34], (p, d) on 24Mg, 28Si and 32S [35], as well as (e, e′p) on 32S [35] within
various correlation methods.
The first aim of the present work is to apply the procedure suggested in [25] to calculate TOF’s
for 16O using the TDM calculated in [36] with the Jastrow correlation method (JCM), which
incorporates the nucleon-nucleon SRC. As a second aim, the resulting two-proton overlap functions
are used to calculate the cross section of the 16O(e, e′pp) reaction for the transition to the 0+ ground
and the 1+ excited states of 14C. The cross sections are calculated on the basis of the theoretical
approach developed in [5, 8, 9].
2. TWO-BODY DENSITY MATRIX AND OVERLAP FUNCTIONS
In this Section we present shortly the definitions and some properties of the TDM and related
quantities in the overlap function representation. The method to extract the TOF’s from the TDM
[25] used in this work is also given.
The TDM is defined in coordinate space as:
ρ(2)(x1, x2;x
′
1, x
′
2) = 〈Ψ
(A)|a†(x1)a
†(x2)a(x
′
2)a(x
′
1)|Ψ
(A)〉, (1)
where |Ψ(A)〉 is the antisymmetric A-fermion ground state wave function normalized to unity and
a†(x), a(x) are creation and annihilation operators at position x. The coordinate x includes the
spatial coordinate r and spin and isospin variables. The TDM ρ(2) is trace-normalized to the
number of pairs of particles:
Tr ρ(2) =
1
2
∫
ρ(2)(x1, x2)dx1dx2 =
A(A− 1)
2
. (2)
Of direct physical interest is the decomposition of the TDM in terms of the overlap functions
between the A-particle ground state and the eigenstates of the (A−2)-particle systems, since TOF’s
can be probed in exclusive knockout reactions.
The TOF’s are defined as the overlap between the ground state of the target nucleus Ψ(A) and
a specific state Ψ
(C)
α of the residual nucleus (C = A− 2) [23]:
Φα(x1, x2) = 〈Ψ
(C)
α |a(x1)a(x2)|Ψ
(A)〉. (3)
Inserting a complete set of (A− 2) eigenstates |α(A− 2)〉 into Eq. (1) one gets
ρ(2)(x1, x2;x
′
1, x
′
2) =
∑
α
Φ∗α(x1, x2)Φα(x
′
1, x
′
2). (4)
The norm of the two-body overlap functions defines the spectroscopic factor
S(2)α = 〈Φα|Φα〉. (5)
A procedure for obtaining the TOF’s on the basis of the TDM suggested in [25] uses the par-
ticular asymptotic properties of the TOF’s.
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In the case when two like nucleons (neutrons or protons) unbound to the rest of the system
are simultaneously transferred, the following hyperspherical type of asymptotics is valid for the
two-body overlap functions [23, 37, 38]
Φ(r,R) −→ N exp
−
√
4m|E|
h¯2
(
R2 +
1
4
r2
)
(
R2 +
1
4
r2
)−5/2
, (6)
where r and R are the magnitudes of the relative and center-of-mass (c.m.) coordinates, r = r1−r2
and R = (r1 + r2)/2, respectively, m is the nucleon mass and E = E
(A) − E(C) is the two-nucleon
separation energy.
For a target nucleus with Jpitar. = 0
+ and for large r′ = a and R′ = b a single term with
ν0 (corresponding to the smallest two-nucleon separation energy) of the radial part of the TOF
Φν0JSLlLR(r,R) can be expressed in terms of the TDM as
Φν0JSLlLR(r,R) =
ρ
(2)
JSLlLR
(r,R; a, b)
Φν0JSLlLR(a, b)
=
ρ
(2)
JSLlLR
(r,R; a, b)
N exp
{
−k
√(
b2 + 14a
2
)}(
b2 + 14a
2
)−5/2 , (7)
where k = (4m|E|/h¯2)1/2 is constrained by the experimental values of the two-nucleon separation
energy E. The relationship obtained in Eq. (7) makes it possible to extract TOF’s with quantum
numbers JSLlLR from a given TDM. The coefficient N and the constant k can be determined from
the asymptotics of ρ
(2)
JSLlLR
(r,R; r,R).
3. RESULTS
A. The two-proton overlap functions
The procedure described briefly in Section 2 has been applied to calculate the two-proton overlap
functions in the 16O nucleus for the transition to the 0+ ground and the 1+ excited states of 14C.
The TDM obtained in [36] in the framework of the low-order approximation (LOA) of the Jastrow
correlation method has been used [39].
The TOF’s for the 1S0 and
3P1 states are obtained in the JCM. The result for
1S0 state is
presented in Fig. 1. It is compared with the uncorrelated TOF’s obtained applying the same
procedure to the uncorrelated TDM. The notation for the partial waves in our case is 2S+1lL.
The spectroscopic factors corresponding to the 1S0 and
3P1 overlap functions are 0.958 and
0.957, respectively.
As a next step, we derive the total TOF ΦνJM(x,X) in terms of a sum over all possible partial
components, i.e.
ΦνJM (x,X) =
∑
LSlLR
ΦνJSLlLR(r,R)A
JM
SLlLR(σ1, σ2; r̂, R̂). (8)
We integrate the squared modulus of the total TOF in Eq. (8) over the angles and sum over the
spin variables. The result can be written in the form (for the smallest value of ν = ν0):
|ΦJM (x,X)|2≡|Φ˜JM(r,R)|
2 =
∑
LSlLR
ρ
(2)
JLSlLR
(r,R), (9)
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FIG. 1: The 1S0 two-proton overlap functions for the nucleus
16O leading to the 0+ ground state of 14C
extracted from the JCM (left) and uncorrelated (right) two-body density matrices.
where the bar denotes the integration over the angles and summation over the spin variables, and
Φ˜JM(r,R) is the radial part of the total TOF obtained after the integration and summation. Using
the asymptotics of Φ˜JM(r,R) at r −→ a, R −→ b one can write:
Φ˜JM (r,R) =
∑
LSlLR
ρ
(2)
JSLlLR
(r,R; a, b)
N exp
{
−k
√(
b2 + 14a
2
)}(
b2 + 14a
2
)−5/2 . (10)
The results for the 1S0 and
3P1 partial components have a similar behaviour as previous ones,
the main difference is that they are somewhat reduced in magnitude. The spectroscopic factor
corresponding to the total TOF is equal to unity in the uncorrelated case and 0.965 in the Jastrow
case.
The Jastrow TDM (including only SRC) is not “rich” enough to be able to explain realistically
transitions to all the excited states of 14C. Therefore, only the transition to the 1+ state is considered
in the present paper as an example of the applicability of the method.
In the case of the transition to the 1+ excited state of 14C pp-pairs in the states 3P0,1,2 give
main contributions to the process. The value of the spectroscopic factor e.g. for 3P1 is 0.967 in the
Jastrow case and unity in the uncorrelated one.
B. The 16O(e, e′pp)14C reaction
The TOF’s obtained from the TDM within the Jastrow correlation method have been used
to calculate the cross section of the 16O(e, e′pp)14C knockout reaction in one-photon exchange
approximation [2, 5].
As an example, the differential cross section calculated for the transition to the 0+ ground state
of 14C is shown in Fig. 2 for the kinematical setting considered in the experiment performed at
MAMI [21, 22].
The results are compared with the cross sections already shown in [9], where the TOF is taken
from a calculation of the two-proton spectral function (SF) [24], where a two-step procedure has
been adopted to include both SRC and LRC.
In the figure are also shown for a comparison the results obtained with a simpler approach,
where the two-nucleon wave function is given by the product of the pair function of the shell model
and of a Jastrow type central and state independent correlation function (SM+CORR).
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FIG. 2: The differential cross section of the 16O(e, e′pp) reaction as a function of the recoil momentum pB for
the transition to the 0+ ground state of 14C in the super-parallel kinematics with E0 = 855 MeV, ω = 215
MeV and q = 316 MeV/c. The curves are obtained with different treatments of the TOF: 1S0 (dashed line)
and 3P1 (dotted line) as “independent” TOF’s in the JCM in the left panel and as partial components in
the right panel.
SRC are quite strong and even dominant for the 1S0 state and much weaker for the
3P1 state.
The role of the isobar current is strongly reduced for 1S0 pp knockout, since there the magnetic
dipole NN ↔ N∆ transition is suppressed [17, 40]. As a consequence, in the figures the 1S0 results
are dominated by the one-body current and thus by SRC, while the ∆ current gives the main
contribution to 3P1 pp knockout.
It can be seen from Fig. 2 that the cross section calculated with the Jastrow TOF for the 1S0
state is close to the SF and also to the SM+CORR results at low values of pB, up to ∼ 150 − 200
MeV/c. For pB ≥ 200 MeV/c
3P1 knockout becomes dominant with all the different treatments of
the TOF. The results with the 3P1 TOF from the Jastrow TDM is however much larger than the
SF result and also larger than the SM+CORR cross section.
The cross section calculated with the total TOF, obtained from the combination of the 1S0
and 3P1 partial components, are shown in the right panel of Figs. 2. In both kinematical settings
the 1S0 component dominates at low values of pB, while the
3P1 component produces a strong
enhancement at high momenta.
Although obtained from a calculation of the TDM within the JCM where only SRC are included,
the TOF used in our calculations are able to reproduce the main qualitative features which were
found in previous theoretical investigations. This means that the procedure suggested in [25] to
calculate the TOF’s from the TDM can be applied and exploited in the study of two-nucleon
knockout reactions.
The differential cross section calculated for the transition to the 1+ state of 14C, at 11.3 MeV
excitation energy, is shown in Fig. 3 in the same kinematical setting already considered for the 0+
state in Fig. 2. With respect to the other results, the Jastrow TOF produces in the super-parallel
kinematics a strong enhancement at high momenta, which makes the shape of the cross sections
larger and flatter than that with the SF and SM+CORR TOF’s.
4. CONCLUSIONS
The results of the present work can be summarized as follows:
i) The two-nucleon overlap functions (and their norms, the spectroscopic factors) corresponding
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FIG. 3: The differential cross section of the 16O(e, e′pp) reaction as a function of the recoil momentum pB
for the transition to the 1+ excited state of 14C in the same kinematics as in Fig. 2.
to the knockout of two protons from the ground state of 16O and the transition to the ground
and 1+ excited states of 14C are calculated using the recently established relationship [25]
between the TOF’s and the TDM. In the calculations the TDM obtained within the JCM
[36] is used. Though only SRC are accounted for in the Jastrow TDM, the results can be
considered as a first attempt to use an approach which fulfils the general necessity the TOF’s
to be extracted from theoretically calculated TDM’s corresponding to realistic wave functions
of the nuclear states.
ii) The TOF’s extracted from the Jastrow TDM are included in the theoretical approach of
[5, 8, 9] to calculate the cross section of the 16O(e, e′pp)14C knockout reaction. Numerical
results in different kinematics are compared with the cross sections calculated, within the
same theoretical model for the reaction mechanism, with different treatments of the TOF, in
particular with the more refined approach of [9, 24], where the TOF’s are obtained from a
calculation of the two-proton spectral function of 16O where both SRC and LRC are included.
The cross sections calculated in the present work, where the TOF’s are extracted from the
Jastrow TDM, confirm the dominant contribution of 1S0 pp knockout at low values of recoil
momentum, up to ≃ 150 − 200 MeV/c. The 3P1 contribution is mainly responsible for the
high-momentum part of the cross section at pB ≥ 200 MeV/c.
iii) Our method is applied in the present work only to the 0+ ground and the 1+ excited states of
14C. The main aim was to check the practical application of all steps of the method to a given
state of the residual nucleus. Therefore, the results obtained for the 16O(e, e′pp)14C reaction,
which are able to reproduce the main qualitative features of the cross sections calculated
with different treatments of the TOF’s, can serve as an indication of the reliability of the
method, that can be applied to a wider range of situations and, as an alternative to an
explicit calculation of the two-hole spectral function, to more refined approaches of the TDM
[4, 41, 42, 43].
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